We study diffusion of (fluorescently) tagged hard-core interacting particles of finite size in a finite one-dimensional system. We find an exact analytical expression for the tagged particle probability density using a Bethe-ansatz, from which the mean square displacement is calculated. The analysis show the existence of three regimes of drastically different behavior for short, intermediate and large times. The results show excellent agreement with stochastic simulations (Gillespie algorithm).
pressions for ρ T are derived in regimes (i)-(iii) and good agreement with (stochastic) Gillespie simulations [14] , is demonstrated.
Statement of the problem. -We study N hard-core interacting particles with linear size ∆ diffusing in a onedimensional box of length L (Fig. 1) . The probability of finding the particles at positions y = (y 1 , . . . , y N ) at time t, given that they initially were at y 0 = (y 1,0 , . . . , y N,0 ), is contained in the N -particle conditional PDF P( y, t| y 0 ) which is governed by the diffusion equation Neighboring particles j and j + 1 are unable to overtake D ∂ ∂y j+1 − ∂ ∂y j P( y, t| y 0 ) yj+1−yj=∆ = 0, (2) ensuring that y j+1 − y j ≥ ∆ ∀t provided that y j,0 < y j+1,0 − ∆. The boundaries at ±L/2 are reflecting
and the initial PDF is given by
where δ(z) is the Dirac delta function. The tagged particle PDF studied here is given by [15] ρ T = 1 ρ eq,T 0 R dy
where ρ eq,T 0 = R0 dy
. Initially, the particles are distributed according to the equilibrium density,
i.e the particles are distributed uniformly in the box. The function θ(z) is the Heaviside step function.
Bethe -ansatz solution. -The (coordinate) Betheansatz yields an integral representation of the PDF in momentum space [11] . The Bethe ansatz satisfying Eqs. (1) - (4) is
where x 1 , . . . , x N and x 1,0 , . . . , x N,0 are given in terms of y and y 0 according to (j = 1, . . . , N )
where
In fact, transformation (8) effectively maps Eqs. (1)-(4) onto a point-particle problem. The bracket in Eq. (7) contains N ! terms corresponding to all permutations of momenta k = k 1 , . . . , k N . The quantities S lj are scattering coefficients which contain information about the pair interaction between particles l and j, and are in general functions of k l and k j . For the case of a pair interaction on the form given by Eq. (2), S lj ≡ 1 (S lj ≡ 0 for non-interacting particles) [15] . The time dependence enters through e
carry information about the boundary and initial conditions Eqs. (3)- (4), and for the finite box studied here
ikj(2m+1/2)ℓ , which was found using the method of images [15] . For an infinite system (ℓ → ∞), φ(k j , x j,0 ) = e −ikj xj,0 [11] . Performing integrations over k 1 , . . . , k N , Eq. (7) is rewritten as
j t is the integral representation (inverse Fourier transform) of the (free) single particle PDF for particle j. Notably, as ∆ → 0, the N -particle PDF in [10] is recovered. The single particle PDF is also found in [10] (for ∆ = 0) but in an unsuitable form for studies of finite systems. We obtained a more convenient expression, in which the large time limit is easily tractable, by finding the Laplace transform to ψ(x j , x l0 ; t), calculating the poles, and inverting it back using the corresponding residues enclosed within the Bromwich contour [15] :
where ν
2 Dt ℓ 2 . Tagged particle density. -Integrating Eq. (9) according to Eq. (5) [10] leads to an exact form of the tagged particle PDF in terms of Jacobi polynomials P (α,β) n (z) [17] , given by [20] 
denotes the number of neighbors to the left (right) of the tagged particle, and
Arguments y T , y T ,0 and t were left implicit. Also,
Normalization gives
, which completely determines ρ T . A MATLAB implementation of ρ T using Eqs. (11)- (14) is available upon request. Figures 2 and 3 illustrate the typical behavior of the finite single-file system via stochastic simulations and ρ T . Figure 2 shows particle trajectories produced by the Gillespie algorithm (a Monte Carlo-like algorithm based on a lattice model which is equivalent to the master equation [14] ). Figure 3 (a) illustrates the time evolution of ρ T for one tagged particle in the middle of the ensemble, and one by the edge. Snapshots of the PDFs are given at short (solid), intermediate (dashed) and large times (dotted). Notice the excellent agreement between the analytical result Eq. (11) and the stochastic simulation. Panel (b) contains examples of the equilibrium PDF compared to the point-particle case ∆ = 0.
Three dynamical regimes. - Figure 4 depicts a numerical calculation of the mean square displacement of a tagged particle located in the middle of the ensemble. The solid blue lines were obtained from nu-
2 ρ T , using Eq. (11) for (12)] proved unsuitable since it does not hold for all ξ ∈ [0, 1] (i.e all times). However, making use of asymptotic forms of the Jacobi polynomial, derived in [16] , we obtained a large N -expansion of Φ(a, b, c; ξ) valid for all ξ [21] , and asymptotic expressions for ρ T in (i)-(iii) and crossover times (τ coll and τ eq ), were deduced: (i) Short times (t ≪ τ coll ): For short times very few particle (wall) collisions have yet occurred and the particles are (to a good approximation) diffusing independently of each other. In this limit, ρ T is Gaussian 
, with mean square displacement S(t) = 2Dt, which is in agreement with the numerical integration of Eq. (11), see Fig. 4 .
(ii) Intermediate times (τ coll ≪ t ≪ τ eq ): The dynamics in this regime is dominated by particle collisions, and single-file behavior is observed: S(t) ∝ t 1/2 (Fig. 4) . The PDF in this regime (for a particle located not too close to the edge) is found to be
which is a Gaussian with a concentration dependent mean square displacement S(t) = [(1 − ̺∆)/̺] 4Dt/π. Thus, the simple rescaling ̺ → ̺/(1 − ̺∆) takes us from the point-particle case [6, 7, 8] to the finite particle case. (iii) Large times (t ≫ τ eq ): For large times, ρ T reaches equilibrium [ Fig. 3(b) contains examples], and S(t) is constant for t > τ eq (Fig. 4) . The equilibrium density ρ eq,T is found using lim t→∞ ξ = 1, leading to lim ξ→1 Φ = 1 [22] , and a large t expansion of Eq. (13):
Notably, Eq. (16) is recovered by direct integration of Eq. (6), and also from simple entropy arguments [15] . The mean square displacement S(t → ∞) ≡ S eq for the case N L = N R reads 
where Γ(z) is the gamma function.
Conclusions.-We have found an exact solution to a non-equilibrium many-body statistical mechanics problem involving finite-sized particles diffusing in a finite system. The analysis showed, for the first time, the existences of three distinctly different dynamical regimes for which exact analytical expressions of the PDF were found, using a non-standard asymptotic technique. The results showed excellent agreement with Gillespie simulations.
The motion of tagged particles is sensitive to environmental conditions (e.g. concentration, diffusion constant and system size), suggesting that fluorescently tagged particles can function as probes or sensors at the nanoscale.
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